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I. Introduction

P IEZOELECTRIC material-based actuators have shown good
potential for various applications, such as trailing-edge flaps for

rotary-wing vehicles. These piezoelectric actuators are compact,
high force, and high bandwidth devices, but can only provide a
limited stroke. This limitation can be critical in cases where large
trailing-edge flap deflections or large size rotor blades are needed.
Efforts to improve the piezoelectric actuator performance have been
carried out by researchers in developing amplification mechanisms
of various types [1]. Although the results are promising, it is
recognized that actuator authority is still a critical issue for large size
rotors.

To advance the state of the art and further enhance the authority of
piezoelectric material-based actuation systems, various new ideas
have been explored in recent years. A novel motion amplifier has
been developed by Jiang and Mockensturm [2,3] to increase the
outputwork transferred through a compliant structure. The concept is
to induce elastic and dynamic instability of an axially driven
buckling beam to amplify the actuator motion. Through testing on a
lab setup, it was concluded that such a concept could result in more
compact devices that can dramatically outperform state-of-the-art
flap actuators in terms of authority [4]. Such actuators also consist of
fewer parts and are lighter than existing designs. Because it is a
nonlinear amplifier, how to control such a device is a challenging
issue yet to be explored. Another innovative idea to further enhance
the authority of piezoelectric actuators is to achieve a high-
performance resonant actuation system viamechanical and electrical
tailoring [5,6]. From reviewing the current buckling-beam motion
amplifier and resonant actuator concepts, it is recognized that an

approach that combines the two ideas could further advance the state
of the art in achieving high authority, light weight, and compact
piezoelectric actuators. In other words, our aim is to seek solutions
that can effectively tailor and control the piezoelectric/buckling-
beam motion amplifier element to operate as a resonant actuation
system. It has been recognized that the nonlinear motion
amplification system will encounter the jump phenomena and
chaotic motion near the resonant frequency [3]. Therefore, how to
effectively control such a resonant actuation system is a challenging
issue to be addressed.

The objective of this research is to develop a control law that can
effectively use the nonlinear resonant actuation system with
buckling-beam dynamics for performance enhancement. In [3], an
effective single degree-of-freedom model was derived for system
analysis and design. Based on similar approaches presented in [7], an
alternative dynamic model is developed in this study for mechanical
tailoring and controller design purposes. A feedback linearization
control law based on the high-gain estimator concept [8,9] is adopted
and modified so that the undesired dynamic responses near the
resonant frequency, such as the jump phenomena and chaotic
motion, can be avoided.

II. System Description and Model Formulation

An active trailing-edge flap attached on a helicopter rotor blade is
illustrated in Fig. 1, where the piezoelectric-stack buckling-beam
actuation system is aligned parallel to the blade chord. To achieve the
desired trailing-edge flap angle, the actuation system needs to
overcome the aerodynamic induced hinge moment [6].

A buckling-beam actuator is illustrated in Fig. 2, where the
hinged-clamped beam is attached to a piezoelectric-stack actuator.
The beam has an initial geometric imperfection, and it is under the
axial static and dynamic loading, which is produced by both the
preloading and the piezoelectric-stack actuator at the clamped end.

A. Dynamic Equations of Motion of Buckling-Beam Motion

Amplifier

Following a similar approach presented in [7,10], the dynamic
equations of motion of the buckling-beam motion amplifier are
derived. Assuming that the beam is inextensible, a homogeneous
one-dimensional elastic body, neglecting rotary inertia and axial
dynamics, and applying the ordering scheme ŵ�O�"�,
ŵ0 �O�"3�, the dynamic equation of motion of the beam, up to
O�"3�, is obtained as
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ŵ0
;xx � ŵ;xx �
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where E is the Young’s modulus, I is the moment of inertia of the
cross section of the beam, l is the span of the beam,m is the mass per
unit length of the beam, and c is the damping coefficient of the beam.
Note here that the axial dynamics are neglected because the natural
frequency of the axial motion is much higher than that of the
transverse motion.

The equation of motion presented in Eq. (1) can be represented by
the following terms:
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0

l
; �� x

l
; �� t

��������
EI

ml4

r

��!
��������
ml4

EI

r
; P� P̂l

2

EI
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and then Eq. (1) can be rewritten as
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B. Nonlinear Dynamics Around the Buckled Configuration

The Galerkin method is adopted to solve the nonlinear buckling
equation. The first buckling mode shape �s of the linear buckling
problem for a straight hinged-clamped beam configuration is used to
discretize the nonlinear equation given in Eq. (3):

ws��� � bs�s���; w0��� � b0�s��� (4)

where bs and b0 indicate the deflections at the middle of the beam
span (i.e., at �� 0:5) for buckling and initial imperfection,
respectively. The geometric imperfection is assumed to have the
same buckling mode shape. This is a reasonable approximation,
especially if the magnitude of the imperfection is fairly small.

To obtain the governing equations of beam dynamics around the
static equilibrium [7], we let the transverse displacement be

w��; �� �ws��� � v��; �� (5)

where v��; �� denotes a time-dependent perturbation around the
deformed and/or buckled configuration.

Substituting Eq. (5) into Eq. (3) yields the nonlinear dynamic
equation

�v� c _v� L3�v� �PG3�v� � L2�v� �PG2�v� � L1�v� �PG1�v�
��PtG0 cos���� (6)

where P� Ps � Pt cos����, and �i�v� and �i�v� are differential
operators, which are omitted for the sake of brevity. The preceding
equation forms a nonlinear Mathieu–Hill equation with an external
excitation.

The nonlinear dynamic equation is discretized via the Galerkin
method. A single mode approximation can be then obtained by
applying the first mode shape of the linear eigenvalue problem
derived from Eq. (6).

�q� 2��s _q� ��2
s � Ptf1 cos���q� ��2 � Ptf2 cos���q2

� ��3 � Ptf3 cos���q3 ��Ptfe cos�� (7)

where �s denotes the first natural frequency, and q represents the
first modal magnitude. Expressions for the modal damping ratio /,
parametric excitation magnitude fi, and external excitation
magnitude fe are not presented here due to space limitations.

III. Output Feedback Linearization Control
Using High-Gain Estimator

To obtain the desired output of the beam (the rotation angle at the
hinged end �� 0, equivalent to the angular deflection of the trailing-
edge flap) at the operating frequency, the piezoelectric-stack actuator
needs to be effectively controlled. A feedback linearization control
algorithm based on a high-gain estimator [8,9] is developed to
achieve such a purpose.

A. State-Space Realization of Nonlinear Dynamic Equation

One can obtain a corresponding state-space form of Eq. (7) as

_x 1 � x2 _x2 ���x1; x2; �� � ��x1�uC (8)

where� is the nonlinear function including the damping and forcing
terms, uC is the axial dynamic control load, and � represents the
nonlinear geometric shape of the post-buckled beam. In general, the
nonlinear function ��x1; x2; �� has uncertainties due to modeling
errors and unknowns. It, therefore, cannot be directly used in the
controller design. These uncertainties can be lumped into a new state
� and treated as unknown. Then, Eq. (8) becomes
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Note that the new function � is also unknown because � is
unknown.

According to [9], the control law for the tracking problem can
designed as follows:

uC � � _x2d � �� ~Ke�=� (11)

inwhich the state error vector e and the gainmatrix ~K can be found in
[8,9].

B. High-Gain Estimator

The control law given in Eq. (11) is not realizable because it
includes an unknown state � (i.e., the uncertain term �). To
circumvent this, one can construct an observer to derive estimated
state variables using a new state �. Here, a high-gain estimator [8,9]
using output measurement x1 only, is obtained as follows:

_~x1 � ~x2 � �E1� ~x1 � x1�
_~x2 � ~�� ~��x1�uC � �2E2� ~x1 � x1�
_~����3E3� ~x1 � x1�

(12)

where the tilde denotes the estimated value, and E1, E2, and E3 are
defined in [9].

The control law for feedback linearization based on the estimated
state variables is now read as

uC � � _x2d � ~�� ~K ~e�= ~� (13)

Here, it is assumed that an estimation of � is available from feedback
(i.e., x1 state variable), so that it can be compensated by the controluC

Fig. 1 Actuation system for an active trailing-edge flap.

Fig. 2 Schematic of the piezoelectric buckling-beam motion amplifier.
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even if there aremodeling errors in the geometric stiffness terms such
as f1, f2, f3, and fe.

It should be noted here that the large feedback control input to the
nonlinear dynamic system can induce the so-called peaking
phenomenon, especiallywhen high-gain observers are employed [9].
This would lead to system instabilities. In addition, the current
dynamic system includes parametric excitations, and the feedback
control input contributes to these excitations via the nonlinear
geometric stiffness �. To eliminate these effects, the feedback
control law is modified by a saturation function of sat�uC�, which is
defined as follows:

umC � sat�uC� �
�
uC if juCj � Umax

sgn�uC�Umax if juCj>Umax

(14)

One of constraints toUmax can be established from Eq. (7), where the
well-knownMathieu equation can be obtained by considering linear
dynamics and dropping the external forcing term. From [11], the
transition curves separating stability from instability can be found.

IV. Numerical Results and Discussion

Numerical results obtained herein are compared with
experimental results obtained by Jiang and Mockensturm [2,3],
and the performance of the feedback linearization control law is
demonstrated via a reference trajectory tracking problem (tracking
desired output shaft angle for rotorcraft application). The dimension
andmaterial properties of a hinged-clamped beam,which is the same
as that used in [3], is presented in Table 1.

A. Linear Vibration Around Buckled Configuration

The natural frequencies of the post-buckled beam are calculated
and compared wtih available data reported in [3]. A six-term
approximation is used to predict the first four natural frequencies
without any imperfections. All four frequencies agreewell with those
derived via the Elastica theory. Figure 3 shows variations of the first
natural frequency for different levels of initial imperfections. Unlike
the perfectly straight beam (an ideal beam), thefirst natural frequency
with an initial imperfection starts to decrease as the static end
displacement increases, because the corresponding compressive load
(to achieve such an end displacement) is significantly lower than the
buckling load of an ideal beam. Even for the beamwith a fairly small
imperfection (b0 � 1:83e � 5), its first natural frequency deviates
significantly from the ideal case in the vicinity of us � 0 because of
lower compressive loads.

B. Nonlinear Frequency Response

Nonlinear frequency responses are calculated to further validate
the dynamic model. One of them is illustrated in Fig. 4, where the
preloading static end displacement us is 0.194% (see Fig. 3), the
corresponding compressive static load Ps is 19.29 (140.48 N), the
driving end displacement 2ua is 0.129%, and the concentrated mass
(mC � 0:183 Kg) is attached to the beam at �� 0:05 to emulate the
shaft inertia effect. Note that us and ua values are taken from [3],
which corresponds to case A1 in that reference. Because the initial
imperfection b0 is unknown, we adjust its value so that the predicted
first natural frequencymatcheswith thatmeasured in the experiment.
The final estimated value of b0 is 0.0012.

As shown in Fig. 4, the simulated results via the “shooting
method” match the trend of the experimental results. The present
model is able to capture the subharmonic behavior near 20Hz as well
as the softening behavior near the primary resonance (40 Hz). The
shaft angle of 14 deg (peak-to-peak) can be achieved near the
resonance, in which the driving dynamic load Pt is 0.169 (a
corresponding physical value is 1.23 N, which is only 0.884% of the
Euler buckling load). This confirms the effectiveness of the buckling-
beam motion amplifier.

C. Feedback Linearization Control near Primary Resonance

For the purpose of illustration, a target of�4 deg shaft angle with
respect to the buckled configuration is assumed for the case study in
this paper. This corresponds to an output reference state of
x1d��� � 0:011 sin����. The control gain is chosen such that
(A� BK) has all its roots located at�1, and the parameters E1, E2,
and E3 used in the observer are chosen as one, three, and three,
respectively, as recommended in [9]. The parameter � is set to be five
based on parametric study. Here, Umax is set to be one to avoid
parametric instability and overshoot response. This corresponds to a
physical value of 7.3 N, which is a small value as compared with the
Euler buckling load (147 N).

Figure 5 shows the time response of an uncontrolled system and
the deviation from the desired shaft angles with frequency sweep
down around resonance (from42 to 35Hz).Note here that the desired

Table 1 Parameters used in numerical studies [3]

Parameters Value

Beam width 12 mm
Beam thickness 0.508 mm
Beam length, l 60 mm
Beam material density 7700 kg=m3

Beam Young’s modulus 200 GPa
System damping 7% critical damping

Fig. 3 Variations of the first natural frequency with different initial

imperfections.

Fig. 4 Comparison of nonlinear frequency responses [2].
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shaft angles are from 2 to 10 deg, which are�4 deg from the static
shaft angle (6 deg) induced by the static compressive load Ps. The
uncontrolled system shows large deviation from the reference signal
in amplitude (up to �5 deg) and phase. The observer dynamics
agree well with the system dynamics (errors are less than�0:5 deg).
The time response of a controlled system, the deviation from the
desired shaft angles, and the control signal are presented in Fig. 6.
One can see that shaft angles of 2 to 10 deg are achieved throughout
the time period with very small tracking error. That is, high authority
resonant actuation [5] can be accurately controlled by the feedback
linearization controller based on a high-gain estimator [9] for the
piezoelectric buckling-beam motion amplifier. The quasi-static
operation (nonresonant) of the samedevicewith similar level of input
is about�1 deg. In other words, the proposed approach can achieve
a four time increase of authority with good accuracy.

V. Conclusions

In this paper, a nonlinear dynamic model is derived and a robust
feedback linearization control law is synthesized to use the high
authority feature of a piezoelectric buckling-beam motion amplifier.

Analytical predictions using the nonlinear dynamic model are
compared with the experimental results reported in previous
literature. Linear vibrations around the buckled configuration are
investigated in terms of geometric imperfections and buckling levels.
Previous experimental results [2], such as the post-buckling
behavior, softening spring effects, subharmonic behavior, and jump
phenomena, are captured by the present nonlinear dynamic model.

A high-gain estimator is constructed by treating the nonlinear
terms presented in the dynamic model and other modeling errors as
bounded uncertainties. The effectiveness of the proposed approach is
examined through a case study by tracking the desired shaft angles
with frequency sweep down near the resonance (7 Hz bandwidth

from 42 to 35 Hz). It is shown that high authority and robust tracking
actuation can be achieved. A steady �4 deg amplitude is
demonstrated, which is four times that which can be achieved
(�1 deg) in a quasi-static (nonresonant) operation with the same
piezoelectric buckling-beam actuator.
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